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Most advanced control applications rely on good dynamic process models. The per-
formance of the control system depends on the accuracy of the model used. Typically,
such models are developed by conducting off-line identification experiments on the
process. These identification experiments often result in input-output data with small
output signal-to-noise ratio, and using these data results in inaccurate model parameter
estimates. Prefilters are used to separate useful information from the noise in the
input-output data and to improve parameter estimates. A systematic design procedure
for selecting a prefilter using discrete wavelet transforms is presented. The design proce-
dure prouvides explicit information on the compromises in prefilter design, interpreted in
terms of parameter variance and bias. The prefilter design procedure is then applied to

identify a second-order output error model.

Introduction

Linear time-invariant (LTI) dynamic models of chemical
processes are widely used in the chemical process industry
for process control and optimization. Some applications
where such models are used include: (1) linear model predic-
tive control, (2) inferential control, (3) proportional-integral-
derivative (PID) controller tuning using internal model con-
trol IMQ) rules (Rivera et al., 1986), and (4) linear program-
ming optimization for bias update (Forbes and Marlin, 1994;
Harkins, 1991; Brosilow and Zhao, 1988). The stability and
the performance of the control system designed using the LTI
models depends to a large extent on the accuracy of the model
parameters. This in turn dictates the design of identification
experiments.

Designing an identification experiment involves deciding on
the following: (1) the type of input signal, (2) plant frequen-
cies excited by the input signal, (3) the sampling rate for the
input and the output signal, (4) the amplitude of the input
signal, (5) the test duration, and (6) the filters used on the
input—output data. Some guidelines on making these deci-
sions to yield an informative identification experiment are
presented in this article. The relationships between pseudo-
random binary sequence (PRBS) design parameters and the
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process knowledge are used to design identification experi-
ments. In most process-control-related identification, the ob-
jective is to minimize the modeling error in the frequency
band over which the controller will operate. Prefilters are
used to improve parameter estimates in the frequency band
of interest.

Rivera et al. (1992) introduce the notion of control-related
process identification in which the information content of an
identification experiment is defined in term of its impact on
the control system design. They develop algorithms to design
prefilters in terms of the closed-loop time constant, the as-
sumed plant model structure and the desired controller per-
formance characteristics. They also illustrate how a prefilter
can be designed to preserve good model fit in the frequency
range of interest from a control perspective. Rivera et al. as-
sume that the output data generated using a white noise test
signal has a high output signal-to-noise ratio (hereafter re-
ferred as output S/N ratio). This assumption makes it possi-
ble to relate the closed-loop properties of the controller and
the prefilter design.

Identification experiments conducted in practice often re-
sult in data with small output S/N ratio, the reason for which
can be attributed to:

1. Identification test is usually conducted while the plant is
in normal operation. It is desirable that the external signal
introduced for identification does not significantly change the
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controlled variable values from the normal operating condi-
tions (for economic or safety reasons). This restricts the mag-
nitude of the output signal.

2. Lack of process knowledge along with the lack of on-line
validation tools.

3. In dynamic matrix identification (Cutler and Yocum,
1991), differencing is used to eliminate unmeasured distur-
bances. This may result in input—output data with small S/N
ratio.

Identifiation experiments are expensive to conduct and are
time-consuming, It is therefore desirable to extract the maxi-
mum possible process knowledge from the data collected
during an identification experiment. Prefilters are used to
achieve this objective. Prefilters are usually low-pass filters
used to reduce the contribution of noise, while retaining the
useful information, in the input—output data collected during
an identification experiment. In this article, we develop some
tools to design prefilters that yield better parameter esti-
mates.

The output S/N ratio influences the prefilter design. If the
output S/N ratio is high (> 5), then the contribution of the
noise in the measurements is small and a prefilter does not
significantly improve the parameter estimates. However, bet-
ter parameter estimates are obtained using prefilters when
the S/N ratio is small ( < 2). This article provides a system-
atic procedure for selecting a prefilter that improves the out-
put S/N ratio.

In this article we present a prefilter design methodology
using discrete wavelet transforms. The input—output time-
series data collected from the identification experiment is
projected onto a family of scaling functions to yield a hierar-
chical decomposition called multiresolution analysis. In mul-
tiresolution analysis, the input—output data are decomposed
into various components (based on frequency) using a deck of
sieves. The fine-scale (high-frequency) information is retained
on the top sieves, and the coarse-scale (low-frequency) infor-
mation is decomposed as we move to the bottom of the deck.
The sieved input—output data can then be used to obtain the
cumulative sum (also referred to as the projections on the
scaling function) starting from the bottom of the deck. The
cumulative sum at the top of the deck is the raw signal. Elim-
inating fine-scale (high-frequency) information from the de-
composition is equivalent to light filtering, while eliminating
coarser scales yield heavier filtering, The sieved input—output
data facilitate the selection of a prefilter that yields the maxi-
mum output S/N ratio. An efficient computing algorithm us-
ing orthonormal wavelets is used to decompose the data. The
property that the wavelet transform of Gaussian white noise
with zero mean and variance one is again white noise with
variance no larger than 1, makes wavelets a suitable choice to
study the properties of the estimator as compared to the tra-
ditional Butterworth low-pass filters.

This article is organized as follows: In the second section,
statistical properties of estimates obtained using the predic-
tion error method (Ljung, 1987) are summarized, and the
methods to reduce the parameter variance and bias using
prefilters are described. Properties of wavelet transform of
PRBS, white noise, and output signal from an autoregressive
moving average model (ARMA) process are important for
understanding and interpreting the results obtained while de-
signing prefilters. The third section presents a method to es-
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Figure 1. Black-box input-output modeling.

timate the variance of the projections of the PRBS, white
noise, and output signal from an ARMA process on the scal-
ing functions. The estimates are compared with actual values
using examples. The fourth section describes the prefilter de-
sign methodology. In the fifth section, the prefilter design is
applied to identify a second-order output error model in the
Tennessee-Eastman problem (Downs and Vogel, 1993). We
conclude this article with some remarks on prefilter design
based on the examples we studied.

Prediction Error Problem

Consider the plant to be a black-box with input (manipu-
lated variable) u, unmeasured disturbance e, and the output
(measurement) y (see Figure 1). The objective in process
identification is to determine a dynamic model of the process
by performing an identification experiment. Here we assume
that (1) the identification experiment is conducted off-line;
(2) the plant is linear, time-invariant, causal, and stable; (3)
the plant can be modeled using the output error (OE) model
(though the design methodology developed is not limited to
this assumption); and (4) the test signal used in the identifica-
tion experiment is a PRBS.

PRBS test signal design

In this article we generate the PRBS signal using shift reg-
isters. The PRBS generator consists of n shift registers and
one XOR gate in the feedback circuit (see Davies, 1970, for
details). The inputs to the XOR gate are the output of regis-
ters k and », and the output from the exclusive-OR (XOR)
gate is fed back as input to register 1. The output of register
n is the PRBS. Each register is connected to a shift pulse or a
clock. The output from each shift register, which is either 0
or 1, is moved one stage to the right at each clock time.

The properties of PRBS generated using shift registers is a
function of (1) the feedback location k, (2) the number of
registers n, and (3) the clock time 7.. Therefore, the PRBS
design parameters are:

n or T =number of registers or PRBS length T =2" -1

a =amplitude of PRBS
T, =clock time
k =register whose output is an input to the XOR gate
N =test duration
Rivera (1992) gives the criteria for selecting n and T, in terms
of the dominant closed-loop identification. We use a similar
approach to design a PRBS signal for off-line identification.

Choice of T, and T. At frequency w =0, the PRBS fre-
quency spectrum has a value equal to a*(T +1)/T (see
Davies, 1970). The spectrum is reduced to half this value at
frequency w = 2.8/T,. Therefore, the frequency band consid-
ered useful for excitation is
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We introduce two PRBS design parameters, a and B8 >0,
that define the minimum and the maximum frequency of in-
terest in terms of the smallest corner-frequency of the
closed-loop system. By introducing these parameters we can
relate the PRBS design with the control system design speci-
fications. If the closed-loop dominant time constant is denoted
by 7., and parameters «, 8> 0, then
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is the frequency band of interest. Comparing Egs. 1 and 2:
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The PRBS length 7 =(2"—1) is chosen such that »n is an
integer and T satisfies Eq. 4. The number of registers n fixes
the number of harmonics in the PRBS, and from Isermann
(1980) 2*n should be greater than the total number of model
parameters. The criteria for selecting the clock time and the
number of registers are thus obtained in terms of parameters
a and B. Parameters a and B should be selected based on
(1) how accurate the knowledge of the dominant time con-
stant is, and (2) the frequency band of interest for control
system design. For the examples we studied, 8 =3 (from
Goodwin and Payne, 1977) and « =7,/7, (or 7./7,
whichever is greater than 1) gave good results, where 7, de-
notes the dominant process time constant and 7, is the domi-
nant closed-loop time constant. These values seem intuitively
reasonable, because if 8 is very large and « is very small,
then only steady-state gain information will be obtained. On
the other hand, if B is very small and « is large, then the
output signal will be lost in noise. If high accuracy of steady-
state gain is required, then « =7,/7, (or7./7,) and 8 =2-4
should be used.

Choice of Amplitude, a. The amplitude of PRBS is se-
lected based on the region over which the variable is ex-
pected to change and the knowledge about the process gain.
For instance, if the controlled variable is expected to vary by
20% of the nominal steady-state value, and if the process gain
is about 2, then the input signal is expected to vary by about
10% of the nominal value. Therefore, the amplitude of the
PRBS is selected as 10% of the nominal value. Another crite-
rion is to determine the change in the output variable that is
necessary to obtain an output S/N>5 and then using the
process gain determine the PRBS amplitude. The amplitude
of the PRBS may sometimes be restricted to a lower value
because of process constraints, or constraints to maintain
plant operation close to the nominal steady state.

Choice of k. The location of the kth register, the output
of which is one of the inputs to the XOR gate, is selected to
obtain a maximum-length binary sequence (MLBS) (Davies,
1970, for details). The length of a MLBS in one period is
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(2" = DT,. A table listing the location of the kth register for
different values of » that generate a MLBS is given in Davies
(1970).

Duration of the Test. The test duration should be fixed by
considering the compromises between the cost of the identifi-
cation test vs. the accuracy of the model required in the ap-
plication. The longer the test duration, the better the quality
of the parameter estimates. The minimum is one cycle of the
PRBS sequence; the more we repeat the cycle the better the
estimates.

Parameter estimation problem

The input—output data set generated by introducing a
PRBS test signal at the plant input is used to estimate the
model parameters using the prediction error method. Assume
that the relationship between the plant input and the plant
output is given by

y(k) =Gz Dulk —n,) + e(k) )
where G(z~ !} is an OE model,

B(z™YH
Az t+az o ta,z "’

byz7l 4t b, 2

G(z™ )= (6)

ny =1 represents the time-delay, and e(k) is Gaussian white
noise with zero mean and unit variance. Let the plant be
modeled as an OFE model,

VoK) =Gz, 0)ulk —n,) @)
where,
- B(z7™Y) by+bz7 4 4 by 27
Gz 0)=——r=——— )
Az 1+ az et a e

and 0 =(b, by,..., b, ay,...,d; ). The order of the numer-
ator and the denominator polynomials in Eq. 8 are assumed
to be fixed. The order of the process and that of the model
may be different, that is, n, # n;, n, # n;. Usually, a class of
models with different values for n; and n; are used. An in-
formation criterion, such as Akaike’s Information Theoretic
Criteria, is then used to select the “best” model. The predic-
tion error {e(k, 6)} attributed to e(k) and the modeling er-
ror, is:

e(k,0) = y(k) = G(z ulk — n,) (9
e(k,0)=[G(z7)~G(z7",0)ulk — n,) + e(k). (10)

The parameter 6 is estimated by minimizing the /,-norm of
the prediction error. If

V() = leCk,9)|2,

then the parameter estimation problem can be stated as
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From Parseval’s theorem, the frequency-domain equivalent of
this optimization problem is

) 1w
V(0)=E[A#®E(w,0) dw (12)

where @, is the power spectrum of the prediction error e(k,
#). Or, substituting z=e~'“ and denoting the input power
by @, and the noise power by &,, Eq. 12 can be rewritten as

~ 1 T . - 5 2
V@) == [ 1G(ei) = Gle,0)] D () + @ 0) do.
2o/ o

(13)

The solution to the parameter estimation problem stated in
Eq. 11is

and R is the noise covariance matrix. If e(k) can be charac-
terized by white noise with zero mean and variance o, Bq.
19 reduces to

ol =aHoTa] . 03))

To determine the parameter covariance matrix g%, the noise
variance o,” should be known. If the modeling error (¢, 6)
is attributed completely to noise, then for d model parame-
ters (d = n, + n,) an unbiased estimate of the noise variance

is (Ljung, 1987)
Gl=V(9)/(N-d). (22)

To minimize the parameter variance, the influence of the

prefilter on &2 and ®7® will be used later in this article.
The parameter bias and variance (Egs. 18 and 21) depend

on the noise variance estimate. If the noise estimate is equal

to the “true” noise, then there is no modeling error and the

0= (®T¢>)_1®TYM, (14)  output S/N ratio is maximum. When the output S/N is maxi-
mum, the parameter bias and variance are minimum (Egs. 18
where and 21). We use this as a design criterion to select a prefilter.
- y,1) —yll=n,) u(1) u(l—n,)
— V(2 ~y.(2—n,) u(2) u(2—n,)
- 7 o . T as)
~yAN=1 - —y (N=1-n))u(N—-1) - u(N—-1-n,)
Y, =y, y,3) -y, (N N’ (16)  Improving parameter estimates using prefilters
A prefilter (denoted by L) enhances the frequency band
6= [& GG BBk r an over which the input—output data have a large-output S/N
PRz e LT Eag ] ratio, and suppresses the frequencies over which the S/N ra-

The solution, 8, exists only when the covariance matrix oTe
is nonsingular. This can be guaranteed by exciting the plant
sufficiently at different frequencies. The condition of exciting
the plant so that ®7® is nonsingular is called persistence of
excitation.

In the presence of measurement noise, e(k), the model pa-
rameter estimates computed using a finite input—output data
set has a bias and a variance given, respectively, by (Ljung,
1987):

N-1

9—0,=[070) ' ¥ pk)elk) (18)
k=1

o =[®70] ' OTRO[®TD] ], (19)

where

eky=[-y (k=1 =y, (k—n;—Dulk—1)
ok -ng—1] Q0)
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tio is small. By doing so, certain properties of the model can
be enhanced or suppressed. When a prefilter is used in the
identification of a linear and time-invariant model, the pa-
rameter estimation problem (Eq. 11) reduces to

Min V:(8) (23)
8
where

Vi(0) =lle-(k, I3
er(k,0)=L{z" Delk,0)

=L(z7Dy(k) -Gz VL(z" Dulk - n,). (24

Equations 23 and 24 suggest that prefiltering noise is equiva-
lent to filtering the input—output data using L(z™') followed
by the standard least squares estimation. The problem stated
in Eq. 23, in the frequency domain, is
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VF(9)=%_fv[lG(e“")—G(e’”,9)|2¢u(w)+q)e(w)]

X L(e')dw. (25)

The bias in the parameter estimation therefore depends on
the input power ®,, the error power spectrum &,, the pre-
filter L, and the plant—-model mismatch. After an identifica-
tion test is conducted and the input—output data collected,
the choice of the prefilter and the model order determine the
parameter bias. In this article the focus is on the selection of
the prefilter given that the model order is fixed.

The bias in parameter estimates can be distributed in the
frequency domain by choosing a prefilter to suppress the un-
desired high-frequency noise contributions while enhancing
the low-frequency information. In most control applications
the low-frequency behavior of the plant is most important. By
appropriate design of a prefilter, one can reduce the bias in
this frequency band (Eq. 25). This can be achieved by

e Increasing ®7® (Eq. 14) and

e Decreasing the cross-spectrum between ¢(k) and e(k)
(Eq. 18).
The parameter variance can be distributed by

e Increasing the input—output data set size (Eq. 22)

e Reducing the number of estimated parameters (Eq. 22)
and

e Using prewhitening filters. This involves solving a
weighted least-squares problem instead of the least-squares
problem stated in Eq. 11, with the weighting matrix equal to
the inverse of noise covariance matrix R™'. The estimates
obtained have minimum variance among the class of all lin-
ear unbiased estimators and this estimate is therefore called
the best linear unbiased estimate (BLUE) (Goodwin and Payne,
1977).

While results on how the variance and bias can be dis-
tributed in the frequency domain are available in the litera-
ture (see Ljung, chap. 13, for example), the design of a pre-
filter has not been addressed directly. Some aspects of pre-
filter design were presented in Rivera et al. (1992). In the
present article, we address some issues that were not ex-
plored by Rivera et al., namely,

e How should one select the prefilter Z(z~!) to obtain
minimum bias and variance in the parameter estimates?

e How does the output S/N ratio of the data collected
during an identification experiment influence this decision?

The knowledge of noise properties is limited by the ability
to extract the contribution from the process in the noisy out-
put measurements. If a low-pass filter with a small cutoff fre-
quency is used, inaccurate parameter estimates are obtained
as the plant data available at very low frequency is small. A
low-pass filter with very high cutoff frequency yields a signal
with large noise contribution; therefore the poor parameter
estimates. The prefilter should be designed to have a cutoff
frequency at some intermediate value while realizing its in-
fluence on the parameter bias and variance. Wavelets trans-
forms provide a hierarchical decomposition of a signal with
decreasing cutoff frequencies. This makes it possible to ob-
tain a comprehensive picture of the compromises in the pre-
filter design. Thus, wavelet transforms are a natural choice in
developing a prefilter design procedure.
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Wavelet Transform

The reasons for using wavelet transforms as the tool for
prefilter design are:

1. Wavelet transforms provide multiresolution analysis of
the signal. Multiresolution analysis is equivalent to applying a
family of low-pass filters with decreasing cutoff frequency on
the signal.

2. Efficient wavelet transform algorithms are available for
signal decomposition and reconstruction.

3. The projection of white noise on the scaling function is
white noise, with variance inversely proportional to scale. This
makes it possible to derive properties of output signal from
an ARMA process driven by white noise, and to determine
the scale at which the output S/N ratio will peak.

An alternative is to use a series of low-pass filters (e.g.,
Butterworth filters) with decreasing cutoff frequency. How-
ever, filtering white noise using Butterworth filters does not
yield white noise. Further, evaluating the frequency at which
the output S/N ratio will peak requires a number of itera-
tions.

Discrete wavelet transforms and multiresolution analysis

The discrete wavelet transform (DWT) of a function f in
the space of absolutely square integrable functions, L*(R), is
defined as (Daubechies, 1992):

folh,) = lagl ™™ ff(t)w(aa'"t—nbo)dt (26)
=W, f(m,n) N

Typically, a, =2 and b,=1 are used. The inner product in
Eq. 26 for various values of parameters (1, n) are called the
discrete wavelet coefficients. The family of functions
{4, ,}—called wavelets—are generated by dilation and trans-
lation of a single prototype function, ¢(¢), called the mother
wavelet. The family of wavelets are generated using 4, (1) =
2~/ 21//(2""1 —n); m and n are called the dilation and the
translation parameters, respectively.

The function f is reconstructed from the discrete wavelets
coefficients using

f(t)=A+Bm’”ZeZ<f’¢m,n>'J/m,n(t)+R7 (28)
where
AlfIP < ¥ 1 fotbad P < BIFIR, (29)

A>0and B <® are called the frame bounds, and R is the
error in reconstruction. For orthogonal wavelets B= A4 =1,
R =0, and an exact reconstruction is obtained. The recon-
struction of a function from the discrete wavelet coefficients
is guaranteed if the wavelet ¢(¢) satisfies the zero mean ad-
missibility condition:

f w(t) dt=0. (30)
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In this article we use orthonormal wavelets and we restrict
the discussion to this class of wavelets only. Daubechies or-
thonormal wavelets are used in this article. Filter coefficients
for these wavelets with different regularity and support are
available in Daubechies (1992).

The discrete wavelet coefficients of a signal are obtained
by computing the inner product, defined in Eq. 26, for all
values of dilation parameter m € Z and translation parame-
ter n € Z. Computing the wavelet coefficients using this ap-
proach, however, is very inefficient. Mallat (1989) proposed
an efficient hierarchical decomposition algorithm for the
computation of discrete wavelet coefficients. The algorithm,
called multiresolution analysis, interprets Eq. 28 as

fO = L ot D+ oy 04 (). BD

mell,L]

The function f is represented as sum of the projections on
wavelets between scales m =1 to L, and the projection on
the scaling function ¢(¢) at m= L. Wavelets have a fre-
quency response like that of a band-pass filter. The fre-
quency response peaks at a lower frequency as m increases.
The scaling functions ¢, ,(t), generated by dilating and
translation of the scaling function ¢(¢), has a frequency re-
sponse like a low-pass filter. The cutoff frequency of this fil-
ter decreases as m increases. Equation 31 can therefore be
interpreted as a set of signals resulting from smoothing of a
function f from scale m =1 to scale m = L. The information
lost in obtaining the smooth version is captured by the pro-
jections on the wavelets, and are referred to as the details.

Let the operator P,, denote the projection of f on the scal-
ing function at scale m, that is,

P ()= Y {frtp )b a8 (32)

and Q,, be the projection of f on the wavelet at scale m,

VIOED WG RMSTMROR (33)

Since the space spanned by the wavelets and the scaling func-
tions at a given scale m is orthogonal to the space spanned
by the scaling function at scale m — 1, we have the following
recursive decomposition algorithm:

P,_f=Pf+Q,f. (34)
Implementation of the preceding decomposition can be done
efficiently using the filter coefficients. Computational aspects
of wavelet transforms and some applications in chemical en-
gineering are given in Joseph and Motard (1994).

Before describing the prefilter design, it is necessary to de-
rive some properties of the wavelet transform of (1) a PRBS
signal, (2) the output signal from an ARMA model, and (3)
white noise. The properties (like variance) of the wavelet
transform of an ARMA model driven by PRBS yield nonlin-
ear equations, the analytical solution for which is difficult to
simplify. Since the PRBS signal has autocovariance like that
of white noise, the relationship between variance of the out-
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put signal from an ARMA process driven by white noise and
the scale is derived. Expressions to estimate the scale at which
the input signal to output noise ratio (hereafter referred to as
the input S/N ratio and the output S/N ratio) peak are de-
rived. Using results from Fourier analysis and linear control
theory, it can be shown that the scale at which the input S/N
ratio and the output S/N ratio peak is the same if the plant is
linear and time-invariant. However, the input and output S/N
ratios may peak at different scales if the plant is quasilinear
and/or time-variant, or if the noise estimate is inaccurate.

Wavelet transform of white noise

Let e(¢) denote the Gaussian white noise signal with zero
mean and variance g,2. Denote the DWT of e(¢) by W,e(m,
n), where m denotes the scale and »n is the translation pa-
rameter. Grossmann (1986) and later Mallat and Hwang
(1992) show that the DWT of e(¢) is white noise with zero
mean and variance inversely proportional to scale m,

2 2
l¢lio,

2m

E(Wye(m,D*) = (35)

It is also shown that the projection of white noise (z) on
the scaling function, P,e(t), has variance inversely propor-
tional to scale m:

22
lollo,

EP,e()) ==

(36)

Wavelet transform of ARMA process driven by white noise

Consider a single input, single output (SISO) process driven
by white noise u(k). The process output y,(k) is clouded with
Gaussian white noise e(k) (Figure 1). Thus,

ylk) =y, (k) +e(k), a7
where y,(k) is the output from a process driven by white noise
with zero mean and variance ¢,>. Assume the process to be
an ARMA model with a denominator polynomial of order

n, =1, numerator polynomial order of n, =1, and a time-de-
lay of n, =1 [denoted by ARMA(1,1,1)],

bz}
y(k)= mu(k) (38)
or,
yilk) = bk —1)— a;y,(k — 1. 39
The variance of time series {y,} is
o, = 1 f%af ol (40)

This equation relates the input and the output variance of
the process at scale m = 0.
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Next, we compute the variance of {y,} as a function of scale.
Since {u} is assumed to be white noise, the projections of {u}
on the scaling function at scale m (denoted as P,,u) has vari-
ance decaying as given in Eq. 36. Due to the cross-correlation
between the projections of {y,} on the scaling function at scale
m(P, y,) at different scales, it does not have its variance de-
creasing as given in Eq. 40. An intuitive way to determine the
variance of P_y, as a function of scale can be obtained using
the Haar scaling functions and wavelets (see Daubechies,
1992). The Haar scaling function at m =0 is a pulse of unit
amplitude and width equal to the sample time. At scale m,
the pulse has a width of 2 and an amplitude of 1/2™. P, y,
is equivalent to taking averages over nonoverlapping time
windows of width 2™. Therefore, the variance of P, y,, de-
noted by (ryim, is equivalent to computing the autocovariance
function of {y,} at lag 2”. We use the autocovariance func-
tion as an estimate of cryzl,,,,, as it is not possible to derive an
analytical expression for Uy%,m independent of the choice of
scaling function and wavelet. Similar approximations are
made while computing the autocovariance function of a
PRBS. This interpretation can be extended to smoother scal-
ing functions and wavelets as well (such as, Daubechies
wavelets).

Multiplying Eq. 39 by y(k + ), the autocovariance func-
tion at lag / is given by

Yot = = @Yy a1 T Ot Ve i1 (4D

where v, ; is the autocovariance function of {y,} at lag I;
Yuy,s i the cross-covariance function between {u} and {y,} at
lag [. Since {u} and {y,} are uncorrelated for />0,

Yyupd =0 >0
#0 1<0. (42)
Therefore, for [ > 1
Yoot = " MYy -1 (43)
For /=0,
Y0 = " Y% T 01 Yy -1 (44)

Multiplying Eq. 39 by u(k —1) and setting E{y,(k —1) u(k —
1)]=0, we get

Yy 1= b,o2. (45)
From Egs. 43, 44 and 45,
bi
_ - 2
a'y? =Y0= =2 a, (46)
and
b
Yy =(—a)) —a gzl “n
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For, I > 1, setting I =2" the autocovariance function for the
output y is

2 2
by 2, %

- 0, .
1-g27 "

am
Voi=2m =&

(48)

Thus, P,y has variance decaying with scale and the plant
dynamics (parameters @, and b, in Eq. 48). This result is
used in the section on estimation of scale to determine the
scale at which the output S/N ratio peaks.

Wavelet transform of a PRBS signal

The autocovariance function of a PRBS peaks at lag 7 =0,
is linear for 7 €0, 7_], and is a constant forlag 7. < 7 <(T —
DT, (Davies, 1970),

(49

2[ T(T+1)]
Var =@ 1= ——1.

T,

For small values of clock time T, the autocovariance func-
tion is like that of white noise (+ 1 at lag 0, and 0 elsewhere).
And for large values of T, the autocovariance function is like
that of white noise filtered through a low-pass filter with a
cutoff frequency w,. As T, -, the cutoff frequency w,— 0.

The variance of P,u can be approximated by the autoco-
variance function at lag 2™:

T (50)

[

2T +1)

Accurate estimates are obtained using this expression only
for lags less than the clock time, that is, / <T_. This is be-
cause the autocovariance function of a PRBS with [>T,
yields an inaccurate approximation to P,,u. Next we compare
the estimates using Eq. 50 with those obtained numerically
and illustrate the properties of wavelet transform of PRBS.
Daubechies wavelet with eight filter coefficients is used in all
computations.

Figure 2 graphs the PRBS generated using clock time T, =
50, 20, and 5. Figure 3 plots the variance of P,u vs. the scale.
Foliowing are some observations that can be made from these
figures:

e As the clock time 7, — 0, the PRBS has properties simi-
lar to Gaussian white noise, and the variance is inversely pro-
portional to 2" (Eq. 36 and Figure 3).

e As T, increases, the PRBS properties are like that of
filtered Gaussian white noise with cutoff frequency of the fil-
ter w, — 0. P,u has a larger variance when the clock time
increases (Figure 3).

e The estimate for the variance of P,u using the autoco-
variance function is a reasonable approximation to the true
value (Figure 3).

The properties of wavelet transform of a PRBS and the
estimate of the variance are used in the next section to esti-
mate the scale at which input S/N ratio peaks.
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Figure 2. PRBS generated using T, = 50, 20, 5, a = 0.4,
n=4, T=15, k=3, sample time =5, and
PRBS length = 256.

Estimation of scale at which input and output S/N ratio
peak

The variance of white noise decays with scale at a rate faster
than the variance of the output series {y,} and the PRBS
signal {u} (see Egs. 47 and 50). The input and output S/N
ratios may therefore peak at an intermediate scale. An intu-
itive explanation for the output S/N ratio to peak in terms of
filtering is a low-pass filter with a very small cutoff frequency
yields a signal with small strength (S/N ratio is small); a very
high cutoff frequency yields a signal with high noise strength (S/N
ratio is small); while an intermediate cutoff valueyields a stronger
output signal strength than the noise strength (S/N ratio large).
The parameter estimates at the scale where the output S/N
ratio peaks have a lower bias and variance than at scale m =0
(unfiltered signal). The scale at which the input and the out-
put S/N peak is derived next.

Variance - projection on scaling function

0 L " , X
(] 1 2 3 4 5 [
Scale

Figure 3. influence of clock time 7. on the variance of
the PRBS projections on the scaling function.

0, +, and * represent estimates of variance (using Eq. 50)
for T, = 50, 20 and 5, respectively.
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Expression for Scale m* at Which Input S/N Ratio Peaks.
From Egs. 50 and 36 the ratio of the PRBS variance to the
noise variance is

T — 0<27<T,. (51

c e

- 2[1~ 2'"(T+1)] 2m

Differentiating Eq. 51 with respect to m and setting it to zero

yields
in ¢
. AT+

““ In2

m -1. (52)

The second derivative with respect to m at m’ ={In [TT,/
(I'+Dl)/In2}—1is

1-2In2<0. (53)

Thus, the input S/N ratio, peaks at scale m*. Note that the
preceding derivation assumes 0 < 2" < T

Expression for Scale m; at Which the Output S/N Ratio Peaks.
From Eqgs. 36 and 48, the output S/N ratio at scale m is

"
a?"b? 1
1 01
r

= X —
mT1-a2 127

(54)

Differentiating Eq. 54 with respect to scale m and equating
to zero, we get

m¥ =[In (~1/In |a,D]/In 2, (55

where m7 is the scale at which the output S/N ratio r,, is an

extremum. Differentiating Eq. 54 twice with respect to m,
substituting for m from Eq. 55, and since |a,| <1 and r,, > 0,
we get,

d?‘r *

dm"f,_y <0. (56)

The output S/N ratio is a maximum at scale 2} and depends
only on the value of parameter a;. Since the autocovariance
function of a PRBS at small values of 7, is similar to that of
white noise, the preceding derivation can be extended to
PRBS signals as well.

Prefilter Design Methodology Using Wavelets

The prefilter design using wavelets consists of the following
steps:

e Input-output data from an off-line identification experi-
ment are collected.

e The input and the output data are projected on the scal-
ing function at different scales.

* Model parameters are estimated using projections of the
input and the output at the same scale.

e The unmodeled portion of the signal at each scale is as-
sumed to be noise. The output S/N ratio is then computed.

AIChE Journal
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Figure 4. Tennessee Eastman Problem Process Flow-
sheet.

e Parameter estimates at scale where the output S/N ratio
is maximum is recommended for use.

Parameter estimates up to the scale at which the energy of
the projected signal is less than 20% of the raw signal are
considered in the prefilter design. Parameters for higher
scales are inaccurate, as the amplitude of excitation is small
and the output S/N ratio is small. The preceding design steps
are equivalent to using a number of low-pass filters with dif-
ferent cutoff frequencies (ranging from light filtering to heavy
filtering) and then selecting the filter that yields the best pa-
rameter estimate.

Case Study: Tennessee-Eastman Challenge
Problem

For a thorough evaluation of the prefilter design described
in the preceding section, one must apply the technique to
identify models for a real chemical plant. However, it is diffi-
cult in a university to conduct full-scale experiments for this
purpose. For this reason we use the Tennessee-Eastman (TE)
Industrial Problem put forth by Downs and Vogel (1993) to
evaluate the prefilter design. The TE problem simulates an
industrial chemical process consisting of a nonlinear, multi-
component, two-phase reactor, a condenser, a vapor—liquid
separator, and a stripper (Figure 4).

Process description

Figure 4 shows the flowsheet of the TE process. The
process produces two products (G, H) from four reactants
(A, C, D, E). There is an inert (B) that enters with a feed
stream and a byproduct (F) that is produced due to a side
reaction. The reactions involved are

A T Cot D= Gy (RD

Ay T Cieyt Egy = Hyy (R2)

Ayt Egy = Fo (R3)

3Dy = 2. (R4)
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All reactions are irreversible and exothermic. The reaction
rates are a function of temperature through an Arrhenius ex-
pression.

The gaseous reactants are fed to the reactor where they
form volatile liquid products. The reactor product stream
consists of unreacted noncondensable reactants and condens-
able products. This stream passes through a cooler that con-
denses the products partially. The stream then passes through
a vapor-liquid separator. Noncondensable components are
recycled through a compressor to the reactor feed, while the
condensed components are fed to a product stripper. To avoid
accumulation of inert B, part of the recycle stream is purged.
Products G and H exit the system from the product stripper
bottoms.

The inner loop controllers that reject fast and local dis-
turbances are summarized in Table 1. The proportional gain
for these controllers is computed from the base case values
assuming a proportional band of 100%. Integral time for flow
controllers is set equal to 0.1 min (Luyben, 1989). The tuning
parameters for the temperature controllers are obtained us-
ing a trial-and-error procedure. We start with a large gain
and integral time and half it till satisfactory performance is
obtained. The inner loop controller sample time is 1 s.

Stabilizing controllers required to maintain material and
energy balance at the nominal steady state (S0G/S0H and
14,078 kg/h production rate) are then designed. The level
controllers for the reactor, separator, and stripper using E-
feed, separator underflow, and stripper underflow, respec-
tively, stabilize the process. This configuration is similar to
that used by McAvoy and Ye (1994). However, the tuning
parameters (Table 2) used here are different from those re-
ported in McAvoy and Ye. A sample time of 30 s is used for
level controllers.

The next step in the decentralized /multivariable controller
design is to obtain the process model. The process model is
typically used for steady-state/dynamic RGA analysis, con-
troller tuning, and prediction of controlled variable trajec-

tory.

Problem definition

The main reactions that form desired products G and H in
the process are (R1) and (R2). The production rate is there-
fore most influenced by A and C feed, provided sufficient
reactants D and E are available and enough cooling is avail-
able. In this case study:

e We design an off-line identification test to determine the
LTI model relating A and C feed flow rate setpoint and the
production rate.

® We design a prefilter using the method of sieves from
the plant input—output data.

® We compare the accuracy of the process gain estimates
and the prediction error using (1) a prefilter designed using
the method described in the section on prefilter design, (2)
an autoregressive (ARX) model, and an ARMA model.

Introducing a positive step change in A and C feed flow
rate causes the reactor pressure to reach the shutdown limit.
Therefore, step testing is considered impractical for identifi-
cation in this problem. A PRBS signal that perturbs the plant
inputs such that the output value is close to the nominal
steady-state value is used instead. However, the plant data
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Table 1. Inner Loop Controllers

Integral Time

Controlled Variable Manipulated Variable Proporational Gain (min)
A-feed A-feed flow 100 0.1
xmeas(1) xmv(3) (%/kscmh)
D-feed D-feed flow 0.0172 0.1
xmeas(2) xmv(1) (%/kg/M)
E-feed E-feed flow 0.008 0.1
xmeas(3) xmv(2) (%/kg/h)
A & C-feed A & C-feed flow 6.5573 0.1
xmeas(4) xmv(4) (%/%scmh)
Purge rate Purge valve 118 0.1
xmeas(10) xmv(5) (%/kscmh)
Prod. sep. underflow Separator pot liquid flow 12 0.1
xmeas(14) xmv(6) (%,/m3/h)
Stripper underflow Stripper liquid production flow 12 0.5
xmeas(17) xmv(7) (%/m’/h)
Stripper steam flow Stripper steam valve 0.206 0.1
xmeas(19) xmv(9) (%/kg/h)
Reactor cooling water Reactor cooling water flow -5 03
outlet temperature xmv(10) (%, °C)
xmeas(21)
Sep. cooling water outlet Cond. cooling water flow -3 0.3
temperature xmv(11) (%/°C)
xmeas(22)

collected by performing a PRBS testing has a small output
S/N ratio due to the constraint on the PRBS amplitude. A
prefilter is therefore necessary to obtain reliable parameter
estimates.

Test signal design

Preliminary tests suggest that the gain and the dominant
time constant to the transfer function relating A and C feed
flow setpoint and the product flow is about 4 m*/h/% and 30
min, respectively. Further, the preliminary tests also suggest
that the output response is like that of an underdamped sec-
ond-order process. A closed-loop control system with time
constant about three times the open-loop time constant is to
be designed using the identified model. The control system
designed is to be tested for a —15% step change in produc-
tion rate. If A and C feed flow setpoint is used for produc-
tion rate control, then A and C feed flow rate will decrease
by about 4% when the production rate decreases by 15%.

Parameter estimation

Wavelet transform of the input—-output data using
Daubechies wavelet with eight filter coefficients is graphed in
Figure 5. The variance of the sieved output data at scale 5 is
less than 20% of the output data variance. Hence, the sieved
set of input—output data between scales 0 and 4 are used to
estimate model parameters. A second-order OE model [de-
noted as OE(2,1,1)] of the form

-1
b,z

1+az7 ' +a,z

(k) = —u(k)+ e(k) (58)

is assumed. This model results in minimum Akaike’s informa-
tion theoretic criteria among first and second order OE mod-
els. Model parameter estimates and their variance at each

i e DWT of Input DWT of Output
Therefore, the magnitude of PRBS is fixed at 4% of the nom- — T
inal steady-state value. Since the dominant closed-loop time ose ;
constant is 90 min, substituting « = 2.5 and 8 =v3 in Egs. 3 2 INTITIMIRANL- 1 orgirs WNW -----
and 4, we get Signal
0.5038 R [
e
T>972,T.<16.04. 57N
£.5033 L 4
o MWAANMAMAMAY- Loverz
Therefore, n =4 and T, =15 are used to generate the PRBS
test signal. A sample time of 5 min is used for identification. Lovel 3
The PRBS test signal is added to the A and C feed flow
setpoint and the output data are collected.
oge Level 4
Table 2. Stabilizing Controller Tuning Parameters 0739 oo Levels . e+ A
Controller Prop. Gain Integral Time
Reactor level 300 %/kg/h 032h [ slo 100 1;0 70 z;a 00 [ 5lu 1J<;o 50 z:m z;o 200
Separator level —0.301 %/m>h 08h . . .
Stripper level ~0.1789 %/m’h L h Figure 5. Discrete wavelet transform of input-output
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data collected from TE process.
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Table 3. Parameter Estimates at Various Scales

Scale by a, a, Oy oy T,z
4 —0.6927 04338 —0.3684 0.3856 0.8864 0.5351
3 0.0437 -—1.8423 0.8728 0.0024 0.0074 0.0079
2 0.0407 —1.8457 0.8774 0.0030 0.0095 0.0101
1 03017 -0.0876 —0.8276 0.0511 0.2559 0.2530
0 0.2632 —0.1604 ~—0.7390 0.0478 0.2571 0.2545
22 T T T T T T T

18

Input S/N ratio
kS [

-
N

0.8

0.6 s . n 2 L L 1
0 0.5 1 15 2 25 3 35 4

Scale

Figure 6. Input S/N ratio.

scale computed using the prediction error method are given
in Table 3. Figures 6 and 7 plot the influence of scale on the
estimated input S/N ratio and output S/N ratio, respectively.
Figure 8 compares the predictions using the identified model
with the plant data. Figure 9 plots the output residual or the
prediction error. The plant data used in Figures 8 and 9 were
taken from a test data set that was not used to fit the model
parameters.

Following are some observations and corresponding deduc-
tions based on the results in Table 3 and Figures 6-9:

24 T T T T T T T

221 4

Qutput S/N ratio
'S > [ )
T T T Y
N L " L

-
N
T

L

0.8F E
0.6 E
0.4 . . N » . . .
"o 0.5 1 1.5 2 25 3 35 4
Scale

Figure 7. Output S /N ratio.
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Figure 8. Prediction output value and the “true” plant
measurements for the model obtained using
the method of sieves.

o estimated value, — true value.

e The actual input S/N ratio and output S/N ratio peak at
scales 2 and 3, respectively; see Figures 6 and 7. Using Eqs.
52 and 55, the input S/N ratio is expected to peak at scale
2.81=3 and the output S/N ratio (assuming a process time
constant of 30 min) is estimated to peak at scale 2.58 = 3.

e As the output S/N ratio peaks at scale 3, the parameter
estimates at scale 3 will have minimum variance and bias.
The parameter estimates at this scale yield a process gain of
1.44.

e The presence of plant—model mismatch is indicated by
the fact that the input S/N ratio and the output S/N ratio
peak at different scales. However, Figures 8 and 9 suggest
that the identified model is a reasonable approximation to
the plant dynamics.

We next compare the process gain estimate and the predic-
tion error obtained using the wavelet prefilter with the ARX

Residual
=]
T

-1

-1.5F

2 " 2 L L 2
20 22 24 26 28 30 32
Time (br.)

Figure 9. Output residual or prediction error for the
model obtained using the method of sieves.
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model and the ARMA model. The process gain of the “true”
plant is obtained using step testing. The average process gain,
obtained by introducing a step change of magnitude +4% in
A and C feed flow setpoint, estimated using least squares
estimation, is 2.58 m*/h/%. Note that such a step test would
be considered impractical as the reactor pressure reaches
close to the shutdown limit. Since we could conduct such a
test on the simulation of the plant, we can get parameter
estimates from step tests.
For comparison we use an ARX(2,1,1) model,

) buz” (k)
Y ‘]+alz’1+azz_2“
1
1+a,z7 ' +ayz7? e(k), (59
a second-order ARMA(2,1,1,1) model,
(k) biz” (k)
Y= l+alz’1+azz“2u
1+c,z7!
—el(k), (60)

1+a,z7 ' +ayz

and a second-order ARMA(2,1,2,1) model,

-1
b,z

l+a,z7 ' +a,z7?

y(k) = u(k)

A+cz7 M +ceyz78

—e(k). (61)

l1+az ' +a,z

Parameter estimates for each of the preceding models using
the same plant input—output data as in Figure 5, the process
gain, and the prediction error are summarized in Table 4.

The following remarks can be made based on the results in
Table 4:

e When no prefilter is used, the process gain is 2.6 (Table
3, scale 0) and the prediction error is 15.3.

e Prefiltering using wavelets gives better process gain esti-
mates compared to ARX(2,1,1), ARMA(2,1,1,1), and
ARMA(2,1,2,1). The gain estimates using the prefilter com-
pared with ARX(2,1,1), ARMA(2,1,1,1), and ARMA(2,1,2,1)
are better by 96%, 43%, and 22%, respectively.

ARX Prefjitér
o ARMA Prefilter

Magnitude
°
T

Wavelet Prefilter ~ * 1

102 107 10°

Frequency (rad./min.)

Figure 10. Frequency response of ARX, ARMA noise
models and the wavelet prefilter.

e The gain obtained when no prefiltering is used, though
better than the other methods, results in large prediction er-
ror.

e The prediction error using the wavelet prefilter is the
least.

The prefilter used in ARX(2,1,1), ARMA(2,1,2,1), and us-
ing wavelets determine the accuracy of the parameter esti-
mates. The prefilter using wavelets is more effective in elimi-
nating the high-frequency noise. Figure 10 shows the fre-
quency response of the prefilter used in these three methods.
For the wavelet method, the prefilter is Daubechies scaling
function with eight filter coefficients at scale 3. This prefilter
has a frequency response like that of a low-pass filter, and
the high-frequency information is filtered before the parame-
ter estimation stage. The ARX model and the ARMA model
use the following prefilters, respectively:

l+az7 "' +a,z72

1

(62)

2

1+a,z '+ayz”
- (63)

1+cz7 '+ ez

The parameters in Eqgs. 62 and 63 estimated using the predic-
tion error are given in Table 4.

Table 4. Summary of Results

Pred.

Method b, a; cy c, Gain Error

No filtering 0.2632 —0.1604 —0.7390 0 0 2.61 15.29
OE(2,1,1)

ARX(2,1,1) 0.0251 —0.3421 —0.2751 0 0 0.06 20.61
ARMA(2,1,1,1) 0.0829 —0.870 —0.0288 0.5796 0 0.82 18.09
ARMA(2,1,2,1) 0.0378 —1.8488 0.8825 —1.7755 0.8105 1.12 11.74
Filtering using 0.0437 —1.8423 0.8728 0 0 1.44 10.03

wavelets OE(2,1,1)
Step test (1,1,1) 0.4234 —0.8358 0 0 0 2.58 14.19
788 March 1996 Vol. 42, No. 3 AIChE Journal



When an ARMA model is used, it is necessary to specify
the order of the denominator polynomial in Eq. 63. A
wrong choice of the polynomial order gives poor parameter
estimates (compare estimates for ARMA(2,1,1,1) and
ARMA(2,1,2,1) in Table 4). Assuming the model order se-
lected is correct and infinite input—output data are available,
the theoretically optimal filter for this problem is no filtering.
This is because for the TE problem it is known that uncorre-
lated noise is being added to the measurements and for this
case the least squares estimate is unbiased. Therefore, by
forcing a noise model using ARX(2,1,1) and ARMA(2,1,1,1)
results in poor parameter estimates. Using ARMA(2,1,2,1)
improves the parameter estimates significantly as the coeffi-
cients c,, a;, ¢,, and a, are such that the noise model is
nearly uncorrelated.

Figure 10 plots the prefilter frequency response obtained
for ARX, ARMA, and wavelets. The frequency response ob-
tained for the ARX prefilter suggests that a significant
amount of high-frequency information is being retained. The
ARMA prefilter suggests that the prefilter is unity, except for
the hump. This results in poor parameter estimates using the
ARX model and explains the improvement in estimates using
ARMA(2,1,2,1). The wavelet prefilter maximizes the S/N ra-
tio by separating the low-frequency information, the noise re-
tained is uncorrelated (note that wavelet transform of white
noise is again white noise), and this yields better parameter
estimates than ARMA(2,1,2,1). The estimated S/N ratio for
ARX(2,1,1), ARMA(2,1,2,1) and the wavelet prefilters are
0.047, 0.9529, and 2.3, respectively. Therefore the improved
parameter estimates using the wavelet prefilter.

Conclusions

In this article we have given an explicit relationship be-
tween the PRBS design parameters and the process knowl-
edge. We presented a systematic prefilter design using mul-
tiresolution analysis. Designing such prefilters yields parame-
ter estimates with smaller variance and bias. We illustrate the
application of the design procedure on the TE process.

Comparisons were also made between the method of sieves
using wavelets with that using Butterworth low-pass filter (of
order 5) with different cutoff frequencies. Results (not re-
ported here) suggest that wavelet does not provide superior
estimates than those obtained using Butterworth filters when
the cutoff frequency is close to that obtained using the data
up to the scale where the S/N ratio peaks. The advantage of
using this design procedure is that it allows the engineer to
choose the cutoff frequency based on a comprehensive and
an efficient tool with explicit information about the compro-
mises between various designs.
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Notation
G =a transfer function
P =PRBS period
R =low-pass filter
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t =time
V =I,-norm of prediction error
z =shift operator
(++-,*+) =inner product
|-+l =L? norm (/? norm) of a continuous function (vector)

Greek letters

y =autocovariance function
v, =autocovariance function of the input signal
%Yy =Cross-covariance function between the input and the out-
put signal
7, = autocovariance function of the output signal
T =lag
7, = closed-loop dominant time constant
7, =process time constant
& =belongs to
# =model parameters
o, gy =standard deviation
¢,,.» =scaling function at scale m and translation n
¥, » =wavelet at scale m and translation n
w =frequency
wy, =corner frequency or break frequency
w, =cutoff frequency
) =frequency band
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